We show that a Lagrangian submanifold of a complex space form attaining equality in the inequality obtained by Oprea in [8] , must be totally geodesic.
Introduction
In recent years there has been some progress in the field of inequalities relating intrinsic and extrinsic curvatures. T. Oprea improved in [7] an inequality of B.-Y. Chen (see for instance [6] ). Since then several authors have studied the equality case of this improved inequality, see for instance [1] , [2] and [3] . In another article, [8] , T. Oprea introduced another Riemannian invariant of a submanifold and related this to the mean curvature with an inequality. In particular for a Lagrangian submanifold of a complex space form, again this inequality can be improved. In this article we consider Lagrangian submanifolds which attain equality in this new inequality. We investigate what this property implies for the second fundamental form and then prove that only totally geodesic submanifolds can attain the equality identically.
Preliminaries
Let (M ) be a Riemannian manifold of dimension , a point of M and { 1 } an orthonormal basis of the tangent space T M at . The scalar curvature τ at is defined by τ( ) = 1≤ < ≤ R( ) where R is the Riemann Christoffel curvature tensor of M and the Ricci curvature is defined by Ric(X ) = =1 R(X X ).
Now following [8] we have the following Riemannian invariant on M
We denote by M 2 (4 ) a complex space form of constant holomorphic sectional curvature 4 . Hence M 2 (4 ) is the complex projective space CP 2 , the complex hyperbolic space CH 2 or C 2 if respectively > 0, < 0 or = 0. Recall that for M 2 (4 ) the Riemann curvature tensor R is given by
for all vector fields X Y and Z on M, where J is the complex structure.
We have the formulas of Gauss and Weingarten which state that for every X and Y tangent to M and for every N normal to M there holds that
with ∇, respectively ∇, the Levi Civita connection of M, respectively M. Here is a symmetric (1 2)-tensorfield, taking values in the normal bundle, called the second fundamental form of the submanifold, A N is a symmetric (1 1)-tensorfield, called the shape operator associated to N and ∇ ⊥ is a connection in the normal bundle. With the previous notations, the equations of Gauss and Codazzi are given by
for every tangent vector fields X Y Z and W where
Moreover we know that for Lagrangian submanifolds the cubic form C (X Y Z ) = (X Y ) JZ is totally symmetric.
From [8] we have the following theorem.
Theorem 2.1.
Let M be a Lagrangian submanifold in a complex space form M 2 (4 ) with ≥ 3. Then we have
Hereby H = =1 ( ) denotes the mean curvature vector.
The equality case
We first characterize Lagrangian submanifolds for which the equality is attained in terms of their second fundamental form.
Theorem 3.1.
if and only if there exists an orthonormal basis { 1 } of T M such that
with ∈ {3 } and a function on M.
Proof. Carefully reading the proof of inequality (7) in [8] we see that = 0 if and are all different and that there exist functions 1 on M such that with ∈ {3 } and = . Here we used the notation = ( ) J . Moreover we see from [8] that 1 must be zero in order to have equality. Now choosing our orthonormal basis in such a way that the mean curvature vector H is parallel with J 2 and using that the cubic form is totally symmetric, we get the result.
Using the equations of Gauss (5) and Codazzi (6) we will prove the following theorem.
Theorem 3.2.
A Lagrangian submanifold M in a complex space form M 2 (4 ) with ≥ 3 satisfies equality (8) 
identically if and only if M is totally geodesic.
Proof. Suppose M is not totally geodesic and consider a point where doesn't vanish. From Theorem 3.1 we know that there exists an orthonormal basis { 1 } of T M such that (9) holds at . Note that our assumption implies that = 0. Since J 2 is a multiple of the mean curvature vector, we can extend 2 to a differentiable unit vector field on an open neighborhood O of such that J 2 is a multiple of the mean curvature vector field. At every point of O, the shape operator A J 2 then has three distinct eigenvalues: 2 , 9 and 3 of multiplicity respectively 1, 1 and − 2. So we can extend the orthonormal basis of T M to an orthonormal frame { 1 } on O such that (9) holds at every point of O for some differentiable function .
Now take
∈ {3 } with = . Using the notation ∇ = =1 ω ( ) , we find from the equation of Codazzi by comparing (∇ )( 2 2 ) and (∇ )( 2 2 ) that the 1-forms ω must satisfy
In an analogous way we have
From (20) and (23) we get that ( ) = 0 and from (22) and (23) we see that ω 
So combining (26), (27), (28) and (29) we also get a contradiction for < 0. This proves that = 0 and hence the Lagrangian submanifold is totally geodesic.
